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Abstract 

We investigate the relation between the backward uniqueness and 
the regularity of the coefficients for a parabolic operator. A necessary 
and sufficient condition for uniqueness is given in terms of the modulus 
of continuity of the coefficients. 
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1 Introduction 

We consider the following backward parabolic operator 

n n 

L = dt+^ dr,^{ajk{t,x)d^J + ^bj{t,x)d^. + c{t,x). (1.1) 

i,j=l j=l 

All the coefficients are supposed to be defined in [0, T] x M", measurable and 
bounded; the coefficients bj and c are complex valued; {ajk{t,x))jk is a real 
symmetric matrix for all (t, x) G [0, T] x R" and there exists Aq G (0, 1] such 
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that 

n 

j,k=i 

for all (t, x) e [0, T] x and ^ G M^. 

Given a functional space ?^ (in which it makes sense to look for the 
solutions of the equation Lu = 0) we say that the operator L has the 
uniqueness property if, whenever u E H, Lu = in [0,T]xW^ and u{0,x) = 
in M^, then m = in [0, T] x M^. 

The problem we are interested in is the following: find the minimal regu- 
larity on the coefficients ajk ensuring the 7i-uniqueness property to L. 

We remark that even in the simplest case (i. e. {ajk)jk = Id) the answer 
may depend on Ti. and in particular on the rate of growth of u with respect 
to the X variables, as the classical example of Tychonoff ^7j shows. 

Considering Hi = H\[0,T], L\Wi))nL\[0,T], H^{R2))^ Hi-uniqueness 
for L has been proved under the hypothesis of Lipschitz-continuity of the 
coefficients ajk by Lions and Malgrange 12 (see for related or more general 
results jH], PP, |2], CI])- On the other hand the well known example of Miller 
[T^ (where an operator having coefficients which are Holder-continuous of 
order 1/6 with respect to t and C°° with respect to x does not have the 
uniqueness property) shows that a certain amount of regularity on the ajkS 
is necessary for the Tii-uniqueness. 

The first part of the present work is devoted to prove the Tii-uniqueness 
property for the operator (jl.l|l when the coefficients in the x vari- 

ables and non-Lipschitz-continuous in t. The regularity in t will be given in 
terms of a modulus of continuity fi satisfying the so called Osgood condition 

/ — - as = +0O. 
Jo 

This uniqueness result is a consequence of a Carleman estimate in which 
the weight function depends on the modulus of continuity; such kind of weight 
functions in Carleman estimates have been introduced by Tarama fHl in the 
case of second order elliptic operators. In obtaining our Carleman estimate 
the integrations by parts, which cannot be used since the coefficients are not 
Lipschitz-continuous, are replaced by a microlocal approximation procedure 
similar to the one exploited by Colombini and Lerner [S] to prove some energy 
estimates for hyperbolic operators with log-Lipschitz coefficients (see also j3] 
and 0). 
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It is interesting to remark that the Osgood condition is also necessary 
for the Hi-uniqueness property, at least when only the regularity in t of the 
coefficients ajk is concerned. Precisely in the second part of this paper we 
prove that if a modulus of continuity does not satisfy the Osgood condition 
then it is possible to construct a backward parabolic operator of type (jl.ip 
such that the coefficients ajk depend only on t, the regularity of the aj^s 
is ruled by the modulus of continuity and the operator has not the Tii- 
uniqueness property. The construction of this class of examples is modelled 
on a well known non-uniqueness result for elliptic operators due to Plis . 

The plan of the paper is the following: in Section 2 we give the precise 
statement of the uniqueness theorem and we present the non-uniqueness 
examples; a remark is devoted to compare these results with similar ones 
known for elliptic and hyperbolic operators. Section 3 contains the proof of 
the uniqueness results. In Section 4 we sketch the construction of the counter 
examples. 

We denote by (■,-)l2 the scalar product in L^(R") and by || • \\l2 the 
corresponding norm. We denote by || ■ ||e the norm of any other Banach 
space B. Finally we denote by V the gradient with respect to the x variables. 



2 Results and remarks 

Let fi he a modulus of continuity, i. e. let fi : [0, 1] ^ [0, 1] be continuous, 
concave, strictly increasing, with yu(0) = 0. Let /CM and let (f : I ^ B, 
where B is a Banach space. We say that ip E C^{I, B) if ip E L°°{I, B) and 

sup M)^^<+oo. 

Remark 1. The concavity of implies that > for all s G [0, 1]; the 

same reason makes the function s i— *• decreasing on ]0, 1]. Consequently 

there exists lims^o+ U ^^Ps€]o,i] < +^ ^^^^ there exists C > such 
that < Cs for all s G [0, 1] and hence = Lip. As a consequence, if 
C^' 7^ Lip, in particular if J^l/fi{s)ds < +oo, then lims^o+ = +oo. 
Finally the function a i— / cr) / {1 / a) is increasing on [l,+oo[; conse- 
quently the function a ^ o"^/i(l/a) is increasing on [1, +oo[ and the function 
a I— > l/((j^/i(l/o")) is decreasing on the same interval. 

We can now state our main uniqueness result. 
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Theorem 1. Let ji he a modulus of continuity and suppose 



I 



1 



1 



ds = +00. 



(2.1) 



Suppose, for all j,k = l...,n, ajk e C^'{[0,T],C^{R'^)) where C^{K) 



the space of twice dijjerentiable functions which are bounded with bounded 
derivatives. 

Then the operator L defined in Hl.l]) has the Tii-uniqueness property. 

Let us denote by I-L2 the space of functions w defined in [0, T] x such 
that w is continuous and different iable with respect to t with continuous 
derivative and twice differentiable with respect to x with continuous deriva- 
tives and there exists C > such that 



\w{t,x)l \dtw{t,x)\, \d^^w{t,x)\, |a,,a,,«;(t,x)| <Ce^l^l 
for aU j, /c = 1 . . . ,n and for aU (t, x) G [0,T] x M^. The foUowing resuh 



Theorem 2. In the hypotheses of TheoremUl the operator L has the 0,2- 
uniqueness property. 

The condition ()2.1|) on /i is known as "Osgood condition" (see e.g. [TUl 
p. 160]. Our next resuh shows that this condition is necessary to have the 
uniqueness property. 

Theorem 3. Let be a modulus of continuity and suppose 



Then there exists I e CiRt) with 1/2 < l{t) < 3/2 for all t e Rt and 
there exists u, bi, 62, c e C^(M.t x K^) '"'^^^ supp u = {t >0} such that 

dtu + dl^u + Idl^u + bid^riU + b2da:2U + cu = m X M^. (2.3) 

Remark 2. Considering a function 9 E C°°(M") such that 9{x) = e~*"'^' 
for \x\ > 1 and taking v{t,x) = 6{x)u{t,x) where u{t,x) is the function 
constructed in Theorem{^ we immediately obtain a counter example to the 
Til-uniqueness result. 



holds. 




(2.2) 
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Remark 3. It may be interesting to compare the uniqueness and non-uniquen- 
ess results presented here with similar ones known for different classes of 
operators. The case of second order elliptic operators with real principal part 
has been considered by Tarama The uniqueness in the Cauchy problem is 
obtained for such kind of operators when the coefficients of the principal part 
are with respect to all the variables and fi satisfies the condition \2.1\) . A 
precise analysis of the non-uniqueness example of Plis /73) / shows that \2. j|) 
is necessary (see J§l). 

An example of non-uniqueness for hyperbolic operators having the coef- 
ficients of the principal part in with /i satisfying the condition is 
given in ^61 (see also It is an open problem, whether \2. 1]) is sufficient 
to have the uniqueness in the Cauchy problem for second order hyperbolic 
operators. 

3 Proofs of Theorems 1 and 2 

In this paragraph we prove Theorem^ and Theorem |21 Theorem^ will follow 
in standard way from a Carleman estimate. In order to state the latter, we 
need first to introduce the weight function. We define 



The function is a strictly increasing function. From (|2.H) we have 
(/)([l,+oo[) = [0,+oo[ and (p'{t) = > for all t e [l,+oo[. 

We set 



We obtain $'(t) = ^(r) and consequently limT-_>+oo = +oo. Moreover 



for all r G [0, +oo[ and, as the function a ajj,{l/a) is increasing on [1, +oo[ 
(see Remark [U, we deduce that 






(3.1) 



lim ^"{t) = lim (<l>'(r))V( 



1 



) = +00. 



(3.2) 





Now we can state the Carleman estimate. 
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Proposition 1. There exist 70, C > such that 



T 

2 2 



r (3-3) 

> /' e^*^"^^"*^Hl|Vw||i2 +7^lklliO dt 
Jo 

for all > 7o and for all u G C^(MtxM^,C) such that suppw C [0,T/2]xM^. 



The proof of the Proposition ^ is rather long and we divide it in several 
steps. 

a) the Littlewood-Paley decomposition 

We set v{t,x) = e~'^^'^^'^^^''^u(t,x). The inequality (j3.3|) becomes 
/ ' \\dtv + J2 d.,{ajkd.,v) + $'(7(T - t))v\\l2 dt 

(3.4) 



>cr^ / (Iivt;||i2 + 7^lklli0^^- 

Jo 

We use now the Littlewood-Paley decomposition technique. We recall some 
basic facts on it, referring to jS] and ^ for further details. Let ipo G C^(M^), 
< <^(0 < 1 for all ^ e M^, cpoiO = 1 for all C such that |^| < 1, ipo{{) = 
for all ^ such that |,^| > 2 and ipo radially decreasing. For all z/ G N \ {0} we 
define 

. e 

For u G L2(M^,C) we set 



u,{x) = MD)u{x) = I e'^^MOm d^, (3.5) 



where u is the Fourier-Plancherel transform of u. We remark that ()3.5j) makes 
sense also for u G iS'(R", C) if the last integral is interpreted as the inverse 
Fourier transform of ip{C,)u{C,)- We have that there exists K > such that 



for all u G L2(R",C). Consequently 

\\dtv + J2d.,{ajkd.,v) + $'(7(T - t))v\\l, dt 



> 
- K 



jk 

T 

1 



V jk 



-^0 u jk 

+ ^dx,{['^u, ajk]dx,v)\\l2 dt 

jk 

T 

^ :^ / ' E 11^*^- + E i^A^'^) + ^'iiiT - t))v4i, dt 



jk 

T 

1 



K 



E II E^^'^'^t'^^' ^ik]dxk'"v)\\l2 dt 

V jk 



where [v?^, a^Jw = v2i.(-D)(ajA:w) - ajk^„{D)w. 
b ) the approximation procedure 
We start to estimate 



(3.7) 



T 

E ii^*^'^ + E'^-^^"^'^'^-^^'') + '^'(^(^ " ^))^-iii2 dt. 



We obtain 



/ ' E 11-^*^- + E'^-.^"^'^'^-^^-) + ^'^^^^ - ^))^-ii'^ 

T 

= r E(ii^*^^iii^ + II E^^'.^^^-'^^^^'^^^) + - ^))^'^iii^ ^^-^^ 

"^0 u jk 

+^^"{^{T -t))\\v4l2 + 2Re{dtV,, Y^d:,^{a,kd^^v,))L2) dt. 

jk 

We remark that if ajk would be Lipschitz-continuous the last term in ()3.8p 
would be easily computed by integration by parts. On the contrary here we 
approximate it using a technique similar to the one of |1] (see also P and 
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0). Let p e Co°°(M) with suppp C [-1/2, 1/2], J^p{s) ds = 1 and p{s) > 
for all s G M; we set 

f 1 t - s 

ajk,e{t,x)= / ajk{s,x)-p{ ) ds 

Jr e s 

for e G ]0, 1/2]. We obtain that there exist C, C > such that 

\ajk,s(t,x) -ajk{t,x)\ < Cp{e) (3.9) 

and 

\dta,kAt.^)\<C^ (3.10) 
for all j, = 1 . . . , n and for all (t, x) G [0, T] x . We have 

2 Re ^ (9^.^. {ajkdxj^Vy)) dt 

jk 

= -2 Re / ^^{dx^dtVy, ajkdxkVu)L^ dt 

T 

= -2 Re / y^i^^^A'"^^ ^^ik- a'jk,e)dxuVy)L^ dt 

T 

-2 Re / y^{dx,dtv 0'jk,edxk'^u)L'^ dt. 
Jo 



jk 



We remark that ||9^.^.t;^||L2 < 2''+^||t;;,||i2 and Wd^^dtVyWi^ < 2''+'^\\dtVi,\\L2 for 
all 1/ G N so that from ()3.9p we get 



|2Re / y^^jdx^dtVu, {ajk - ajk,e)dxktJu) dt\ 
< Cfi{e) / y2 \\dx,dtv^\\L2 \\dx^v^\\L2 dt 

JO -u 



jk 

< ^ / ' WdtV.Wl^ dt + n^CN2^'^-^^^p{e) / ' \\v,\\l, dt 
^ Jo Jo 
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for all > 0, and similarly from (|3.1(J|) we deduce 
|2Re / y^{dx^dtVi,, ajk,edxkVv)L^ dt\ = \ / ^^{dx^Vy, dtajk^edx^Vv) dt\ 

T T 

<nC^ r \\Vv4l, dt < n2(722(-+i) /~ \\v4l, dt. 
^ Jo ^ Jo 

Let = n'^C. We deduce that, for all u eN, 

\\dtVu + Y,9x,{ajA^v,) + <l''(7(r - t))v4l2 dt 



> 



jk 

T 



jk 

-{n^C'2'^''+'^fi{e) + n^C2^^''+'^^)\\v4l,)dt. 

(3.11) 

Let 1/ = 0. From ()3.2|1 we can choose 70 > such that $"(7(T — t)) > 1 for 
all 7 > 7o and for all t G [0, T/2]. Taking now e = 1/2 we obtain from (jH.llj] 
that 

\\dtVo + J2d,^{ajA,Vo) + $'(7(r - t))vo\\l2 dt 

jk 



T 



> j\l~Sn'^^{^){2n'C' + C))\\vo\\h dt 
for all 7 > 70- Possibly choosing a larger 70 we have, again for all 7 > 70, 



\\dtVo + J29.Mk9x,vo) + <l>'(7(r - t))vo\\l2 dt 

^ (3.12) 



>lj^ ll^oiii. dt. 

Let now u > 1. We recall that in this case HVtiiyll > 2^"^||t'i,||. We take 
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e = 2-2^^. We obtain from (jTTT| that 

\\dtVu + J]9,.^(a,fc9,.,t;,) + $'(7(T - t))v,\\l2 dt 



> 



jk 

T 
2 



> 



+j<l>''{j{T -mMl, - K2'-^ f,{2-'n\K\\h) dt 
where K = IGn^C"^ + 4n^C. On the other hand we have 

\\^d^jiajkd^^Vu)\\L^ \\vu\\l2 > \(^d^^{ajkd3:,^Vu), Vu)lA 

jk jk 

> \ '^{(^jkdxkVu, dx^Vy)L2\ > Ao||Vt;i.||^2 > -^2"^" \\vu\\l2 

jk 

and consequently 



\\Y,9xMjkdcc,v,)\\L^ > ^'^'"Wl^v.I (3.14) 

jk 

Suppose first that $'(7(T - t)) < | 2'^". Then from (imi) we deduce that 

jk 

and then, using also the fact that $"(7(T — t)) > 1, we obtain that there 
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exist 7o and c > such that 



° jk 

+7$"(7(r - t))\\v, Wh-K 2"" f,{2''n \\v4l, )dt 

— 

> 22^^)2 + ^-K2"^ ^^{2-'n\\v^\l^) dt 



> ii-y 2^^ + -^)\\v4h dt > i- + cr^ 2'n\K\\h dt 

(3.15) 

for all 7 > 7o. If on the contrary $'(7(T - t)) > | 2"^" then, using (jXTj) . the 
fact that Aq < 1 and the properties of fi (see Remark [TJ, 

1 



<^>"(7(T-t)) = ($'(7(T-t))V(^ 



$'(7(T-t))^ 
- V g ; pv^^ ^ - ^ 8 ^ ' 
Hence also in this case there exist 70 and c > such that 

T 

+7$"(7(T-t))||t;.||i. -ir2^X2-2^)||t;.||i.) 



> / (| + (|(^)^-i^)2^>(2-^'^))||^;.||i.rft 



(3.16) 



> I \^+c^2'n\K\\hdt 

for all 7 > 7o. Putting together ()3.15|) and ()3.16|) we have that there exist 70 
and c > such that 



\\dtv, + J]9,.^(%fc9,.,t;,) + $'(7(T - t))v,\\l2 dt 

^ ^'^ (3.17) 



> / \l + c^'^ 2'n\\vAh dt 
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for all 1/ > 1 and for all 7 > 70- 

Form (j3.12|) and (j3.17p we get that there exist 70 and c > such that 



/ ' y, 11^*^- + y"^x,(ajfc5x,t^.) + $'(7(T - t))v,\\l, dt 
Jo 



jk 



^0 



(3.18) 



for all 7 > 70- 

c ) the estimate for the commutator 

For ip G Co~(M^), we define ip{x) = 4„ e'^'^ipi^) Notice that (V^H 
iip{x)x and (V'iV'2) = ipi * 'ip2- For w G L^(M^, C) we have 



w^{x) = I ip^{x - y)w{y) dy. 

Moreover 



[(f^, ajk]w{x) = / h''j^{x,y)w{y) dy, 

where 

h)k{^,y) =^u{x- y){ajk{y) - ajk{x)) 

(to avoid cumbersome notations here and throughout this point we drop 
t in writing the variables of the coefficients ajk)- One can rewrite h'^j^ as 

h'"jk{x,y) = /ijfc (a;,!/) + h'".'^{x,y), where 



^ifc 2/) = -y) iyajkix + 0{y - x)) - Va,jk{x)) ■ {y - x) dO 

Jo 

h'^jki^^ y) = ^u{x- y)Vajk{x) ■ {y - x). 
We remark that 

+00 „ 

h^/kix, y)w{y) dy = ^ h'<f{x, y)Wf,{y) dy, 
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where Wfj,{x) — ip^{D)w{x). We have then 

= / (f^{x-y)Vajk{x) ■{y-x){ ipf,{y - z)w{z) dz) dy 

= / Vajfe(x) • ( / (fu,{y - z)(p^{x - y) dy)w{z) dz 

= / Vajfe(a;) • ( / i(fi^{y - z){Vip„) {x - y) dy)w{z) dz 

Vajk{x) ■ ( / i'f>^,{y){yipu) {{x - z) - y) dy)w{z) dz. 



RecaUing that if//<i/ — lor//>i/ + l then 

/ ^ix{y){^^u) {{x-z)-y)dy= {^^N^u) {x - z) = 0, 

we finally obtain 

h)ki^^ y)w{y) dy^ y){w„-i{y) + w^{y) + w^+i{y)) dy, 

where we have set W-i = identically. We deduce 
dxi [Vu ajk]w{x) 

= J^^ d^ih^ix, y)w{y) dy ^3_-^g^ 

+ / d^ih'jki^^ y){w^-i{y) + Wr,{y) + w^+i{y)) dy. 
Mo- 
using the explicit expression of /ij^f we get 

dxih]i{x,y) 

= da;i(pv{x -y) iS/ajk{x + 9{y - x)) - Wajkix)) ■ {y - x) d9 

1 

+ip,{x-y) I {{l-9)W{dx,ajk){x + 9{y-x))-W{dx,ajk){x))-{y-x)d9 
1 

-ip^{x-y) / {d^^ajkix + 9{y - x)) - d^^ajkix)) d9. 
Jo 
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Using the mean value theorem we deduce that 



\dxih'<'i^ix,y)\ < ild^i^f^x - y)\\x - y\'^ + 3\(f^{x - y)\\x - y\)\\D'^ajk\\L^- 

Hence both \dxih''j'^{x,y) \ dx and \dxih'^'l{x,y)\dy are dominated by 
the quantity 

IIZ^VIU- I {\d.M^)M'' + ^WAz)\\A)dz. (3.20) 

Now we observe that, for z/ > 1, 

^,{z)=^{2-z)2^'' and d^^z) = d,^^{2- z) 2^''+^> , (3.21) 
where v?(0 = ¥^0(0 ~V^o(20- Setting T'z = (, the quantity in ()3.20|) becomes 

2-ni/^vik- / (i9.,^(c)iicr+3i^(c)iici)c^c 



Consequently there exists > such that, for all u > 0, 

II / d,^h';^,li;y)w{y)dyh2<K2-''\\w\\L2. (3.22) 



Next we consider 

d^^h'<'^{x,y) = d^^(f^{x - y)Vajkix) ■ (y - x) 

+(Pu{x - y)W{da:fijk)ix) ■ (y-x) 
+ip^{x - y)d^fijk{x). 
Again both \dxih^''^{x,y) \ dx and \9xih'^k{x,y) \ dy are dominated by 

llVa^fcllioo / \d.^^>py{z)\\z\dz+\\D'^ajk\\L'^ I \>:p^{z)\\z\dz 



+ ||Vajfe||Loo / \if>^{z)\\z\dz. 

Jm.V: 



(3.23) 



As before setting 2'^z = ( and recalling ()3.21|) we have that there exists > 
such that, for all z/ > 0, 



d,^h';'j:{;y)w{y) dy\\L2 < K\\w\\l^. (3.24) 
14 



It follows from (jTTT?!) . (jlO^ and (jT^ that 

Wdxil'^v, ajk]w\\L'^ < K{2''' \\w\\l2 + ||u;,,_i||l2 + \\w^\\l2 + \\w^+i\\l2) 
for all 1/ > 0. Hence, possibly choosing a larger K > 0, 

+ \\idx,v)4L^ + \\{dx,v)^+i\\L2) 

for all J, A; = z/ ^ and w G C;^(M",C). Finally from (jHISl) we 

obtain that there exists a K such that 

J2 Wj^dx^lVu, ajk]dxM\h < K\\Vv\\l,. (3.25) 

u jk 

d) end of the proof of Proposition 1 

From (|3.7p . (|3.18|) and (j3.25|) we obtain that there exist 70, c, K and K 
positive constants such that 

/ ' \\dtv + V5,^.(a,A.,t;) + $'(7(T - t))v\\l2 dt 
Jk 

for all V e C^(Mt x M^, C) with support in [0, T/2] x and for all 7 > 70. 
Using ()3.6|) we immediately obtain ()3.4|) and the proof of the Proposition^ 
is complete. 

Let us come finally to the proof of Theorem ^ First of all we remark that 
a density argument ensures that the inequahty ()3.3p holds for all 7 > 70 and 
for all u E Hi such that suppu C [0,T/2] x M". Suppose now that u G Hi, 
m(0,x) = in and 

\\dtU + J2dxMjkdx,u)\\l2 < C{\\Vu\\ I2 + \\u\\l2) (3.26) 

jk 

for a.e. t G [0, T]. We consider u G C°°(Mt) such that u{t) = for all t > T/2 
and u!{t) = 1 for all t < T/3. We apply ()3.3|) to the function u!{t)u{t,x) and 
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we obtain 

T 

ef*W^-*))||a,M) + Va,,(a,A.,M)||i. dt 

T 



and consequently 



T 



T 

> e^*(^(^-*«(||V«||i. +7^||w||i.) dt. 

Jo 

By (pr^ we get 

H jk 

T 

^0 

so that, since $ is increasing, 

J^ jk 

> e^HhT) / ' ((^^i _ C)\\\/u\\l2 + (C7 - C')||n||i.) dt. 
Jo 

Choosing 70 sufficiently large we deduce that for all 7 > 70, 

{UJU))\\12 dt 

16 



Remarking now that 



2 3 2 2 /'t'l'^ 

lim -($(-7T) - $(-7T)) = lim - / dr = +00, 

we let 7 go to +00 and we deduce that u(t,x) = in [0,T/4] x M". The 
conclusion of the proof of the Theorem ^ easily follows. 

To prove Theorem |21 it will be sufficient to multiply m by a function 
e e C°°(M5!) such that ^ > and e{x) = e'^^l^l for all x G with \x\ > 1. 
A direct computation shows that 9u G Hi and satisfies (|3.26|) . Consequently 
6'm = in [0, T] x R" and the same will be for u. 



4 Sketch of the proof of Theorem 3 

In the proof of Theorem |21 we will follow closely the construction of the 
example in T5^. Let A, B, C, J be four C°° functions defined in M with 
< A{s), B\si C{s) < 1, -2 < J{s) < 2 for all s G M and 

1 1 

A{s) = 1 for s < -, A{s) = for s > -, 

5 4 

B{s) =0 for s < or s > 1, B{s) = 1 for - < s < -, 

6 2 

C{s) =0 for s < ^, C{s) = 1 for s > ^, 

J(s) = -2 for s < - or s > -, J(s) = 2 for - < s < i. 

Let (a„)„, {zn)n be two real sequences such that 

— 1 < a„ < ctn+i for all n > 1, lima„ = 0, (4-1) 

n 

1 < Zn < Zn+1 for all n>l, limz„ = +oo; (4.2) 

n 

and let us define r„ = a^+i — a„, qi = 0, g„ = X]fc=2 ^k^k-i for all n > 2, and 
Pn = (-2^n+i — -2^n)'^n- Wc supposc morcovcr that 

Pn > 1 for all n > 1. (4.3) 
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We set A^(t) = A{t^), B^it) = BC-^), Cn{t) = C{^) and Ut) = 
J(^=^). We define 

xi) = exp(-g„ - - an)) cos V^aJi, 

Wn(i, 2:2) = exp(-g„ - - an) + Jn{t)Pn) COS V^3;2, 

and 

'u(i,xi,X2) 

f i(t, xi) for t < Oi, 

^nW^^n(^, 2^1) + Bn{t)wn{t, X2) + C„(t)t'„+i(t, Xi) for a„ < t < a„+i, 
for i > 0. 

If for all a, /3 7 > 

lim exp(-g„ + 2p„X+iP^r-^ = (4.4) 

n 

then 14 is a C^(R^) function. We define 

1 for t < fli or t > 0, 

1 + J'^{t)pnZ~^ for a„ < i < a„+i. 



The condition 



sup {Pnr-^.-^ < (4.5) 

guarantees that the operator L = dt — d^^ — l{t)d1^ is parabolic. Moreover / 
is a function under the condition 

sup {M^lfjil} < +00. (4.6) 

n fi{rn) 



Finally we define 



, Lu 

, Lu 

x.2 + (a.,«)2 + (a.,«)2^-^' 

Lu 

c ^ u 

+ {d^^u)'^ + {dx^u)'^ 



and as in [1^] the coefficients bi, 62, c wil be in if for all a, P, j > 

\imexp{-pn)z^_^_-^pf^r-^ = 0. (4.7) 

n 

We choose 



hoo 

an = - 

j=n 



+00 ^ 



with ko sufficiently large. Changing t in —t the proof of Theorem ^ will 

be complete as soon as under the choice ()4.8p the conditions 1)4.11) ()4.7p 

hold. Let's verify this. Since the function a 1 / [a"^ n{l / a)) is decreasing 
on [l,+oo[ (see Remark we have that the hypothesis ()2.2j) is equivalent 
to the convergence of the series ^„((?t- + fi{:^^^J)~^ and ()4.1|1 follows. 
Condition ()4.2p is obvious. We have, for n > 2, 

^ (j + ^0 - l)2/i(-Tr-T) t:^/i(: 



Remarking that /^(jip^^rr) < 1 we obtain that 

Qn >\{{n + h + l){n + h) - {ko + 3)(A:o + 2)) (4.9) 
for all n > 2. On the other hand 

Pn = (3(n + kof + 3{n + ko) + 1)——-^—^; 

using also the fact that there exists c > such that /i(s) > cs for all s G [0, 1] 
we deduce that 

3 3 
, 1 , <Pn< -{n + ko + 2) 

for all n > 1. Finally remarking that it is not restrictive to suppose that 
/x(s) < s^/^ for all s E [0, 1] (if it is not so it is sufficient to replace fj,{s) with 
min {/i(s), 52}), we have 

1 3 

^n + ko)^ <Pn< -{n + ko + 2) (4.10) 

c 
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and 

{n + ko)-l <rn<-{n + ko)-^ (4.11) 

for all n > 1. Easily the first part of ()4.10|) implies ()4.3|) if is sufficiently 
large and (gSJ, (j4TTn|l and (pTTT]) give (jOI) and (pTfjl . We observe that 

(4.12) 

= 3(n + ko)-^ + 3(n + ko)-^ + [n + k^)-^ < 7{n + ko)'^ 

for all n > 1 and again taking ko is sufficiently large ()4.5|) follows. To prove 
fl4.6p we start remarking that since the function s i— > is decreasing on 

]0, 1] and lims^o+ = +oo (see Remark H} we have that there exists ko 
such that 

1 



rn(n+M = . ^, : . , . = < 1 



for all n > 1, so that r„ < and then 

(n+fco) 

for all n > 1. From (fil^ and we have that 

/i(r„) - n + /co/x(r„) ~ r„(ra + A;o) /"(?"«) ~ ~ 
The proof is complete. 
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